We present a lattice QCD calculation of the heavy quark expansion parameters 2 and G 2 for heavy-light mesons and heavy-light-light baryons. The calculation is carried out on a 20 3 ϫ48 lattice at ␤ϭ6.0 in the quenched approximation, using the lattice NRQCD action for heavy quarks. We obtain the parameters 2 and G 2 in two different methods: a direct calculation of the matrix elements and an indirect calculation through the mass spectrum, and confirm that both the methods give consistent results. We also discuss an application to the lifetime ratios.
I. INTRODUCTION
The heavy quark expansion ͑HQE͒ ͓1,2͔ is a fundamental tool in the study of heavy quark physics. The inclusive decay rate of heavy hadrons containing a single heavy quark may be expanded in terms of inverse heavy quark mass 1/m Q using the operator product expansion ͑OPE͒ technique, which enables us to calculate the inclusive rates in a model independent manner ͓3-6͔. In particular, the determination of the Cabibbo-Kobayashi-Maskawa ͑CKM͒ matrix elements ͉V cb ͉ and ͉V ub ͉ through the corresponding semi-leptonic branching fractions relies on HQE.
It requires, however, several nonperturbative parameters as coefficients in HQE. At the order 1/m Q 2 the nonperturbative parameters parameters have mass dimension two, since they include a ͑spatial͒ covariant derivative squared D ជ 2 or a chromomagnetic operator B ជ . The inclusive decay rate of H Q is written in terms of 2 (H Q ) and G 2 (H Q ) as
͑3͒
where the coefficients c 3 f and c 5 f are perturbatively calculable. On the other hand, the parameters 2 (H Q ) and G 2 (H Q ) have to be extracted from some experimental data or calculated nonperturbatively. Several methods to determine 2 and G 2 have been studied, and some of them are summarized in Sec. II.
In this work we calculate 2 and G 2 in quenched lattice QCD using the NRQCD action including O(1/m Q ) terms for heavy quark. Since the matrix element of power divergent operator Q (iD ជ ) 2 Q suffers from large perturbative uncertainty in the matching calculation with the continuum operator ͓7͔, we consider their difference between different hadron states, like 2 (⌳ b )Ϫ 2 (B), in which the power divergence cancels. This kind of difference is also interesting in its own right, as it appears in the evaluation of lifetime difference of b hadrons ͓8͔.
One of the advantages of this calculation is that we can choose several quark masses in the calculation so that the heavy quark mass dependence of the hadron masses and matrix elements may be studied. We calculate both matrix elements 2 and G 2 and compare them with the corresponding mass spectrum and its heavy quark mass dependence. Another advantage in the use of the NRQCD lattice action is that the statistical signal in the Monte Carlo calculation is much better than in the static limit ͓9͔.
This paper is organized as follows. In Sec. II, the implications for the heavy quark expansion parameters from heavy hadron spectrum and the results of the previous nonperturbative calculations are discussed. In Sec. III we de-scribe our lattice calculation in detail. The results for hadron masses and heavy quark expansion parameters are shown in Sec. IV. The consistency check between the calculation of matrix elements and spectrum is also presented. Our results are applied to the lifetime ratio of different b hadrons in Sec. V. The conclusions are given in Sec. VI.
II. HEAVY QUARK EXPANSION PARAMETERS
In this section we briefly review the determination of the HQE parameters from mass spectrum and from some nonperturbative techniques. The determination through the measurements of several mass and energy moments in the inclusive B→X c l and B→X s ␥ decays is another possibility ͓10-14͔, which is not covered in the following.
A. Implications from spectroscopy
This argument relies on HQE truncated at order 1/m Q , which is questionable for charmed mesons and baryons. Therefore, for the use of the HQE parameter 2 in other phenomenological analysis, some independent theoretical calculations are desirable.
B. Nonperturbative calculations
The determination of 1 using the QCD sum rule has been attempted by two groups and reached conflicting results 1 ϭϪ0.5Ϯ0.2 GeV 2 ͓15͔ and Ϫ0.1Ϯ0.05 GeV 2 ͓16͔. Their difference is explained to come from non-diagonal matrix elements like ͗B͉Q (iD ជ ) 2 Q͉BЈ͘, where BЈ is an excited state of B meson ͓2͔. Since there is no definite way to evaluate these matrix elements at present, it is not straightforward to improve the determination of 1 within the QCD sum rule technique.
The lattice QCD can also be used to determine the HQE parameters. In the lattice calculation of the matrix element
2 Q͉B͘ the subtraction of quadratic divergence is essential, since otherwise the perturbative expansion to relate lattice and continuum operators poorly converges ͓7͔. First lattice calculation with such nonperturbative subtraction was done by Crisafulli et al. ͓17͔ using the HQET on the lattice, which was updated in Gimenez et al. ͓18͔ , and the result is 1 ϭ0.09Ϯ0.14 GeV 2 . Another possible approach on the lattice is to fit the measured mass spectrum for various heavy quark masses with the mass relation ͑4͒. The difference of ⌳ between several heavy hadrons is only estimated from the mass difference. Ali Khan et al.
In this work we calculate 2 and G 2 on the lattice for ground state mesons and baryons. We use the both methods, namely the direct measurement of the matrix elements and the extraction from the heavy hadron spectrum. The difference of ⌳ is also evaluated from the mass difference.
III. LATTICE CALCULATION
In this section we present the details of our lattice calculation, which include the definition of the NRQCD action, simulation parameters, and the method to extract the matrix elements. The matching of lattice operators onto their continuum counterpart is also discussed.
A. Lattice NRQCD
We use the lattice NRQCD action ͓21,22͔ for heavy quark. The particular form of the action used in this work is the same as in ͓23,24͔
The kernel to describe the time evolution of heavy quark is given by
where the index to label the spatial coordinate is suppressed.
The operator ␦ 4 (Ϫ) is defined as ␦ 4 (Ϫ) (x,y)ϵ␦ x 4 Ϫ1,y 4 ␦ x ជ ,y ជ , and
and the chromomagnetic field B ជ is defined as the clover-leaf type on the lattice ͓22͔. The parameter n in the evolution kernel ͑18͒ is a positive integer introduced to stabilize unphysical momentum modes ͓21,22͔. With these definitions the lattice NRQCD action ͑17͒ deduces to the usual continuum NRQCD action
in the limit of vanishing lattice spacing. The parameters appearing in the NRQCD action ͑17͒, m Q and c B at this order, have to be matched onto their continuum counterparts using perturbation theory. The matching of heavy quark mass m Q is done through the calculation of the tree level matching is reasonably good. Furthermore, the final predictions for the matrix elements deduced from our analysis are given in the static limit, which is irrelevant to the parameter c B .
The four-component heavy quark field h used to construct the hadron interpolating fields is related to the twocomponent nonrelativistic field Q through the FoldyWouthuysen-Tani ͑FWT͒ transformation
͑23͒
with the rotation matrix R given by
at order 1/m Q . Our convention for the gamma matrices is
and the spatial covariant derivative is defined as
B. Simulation details
Our calculation is carried out in quenched lattice QCD at ␤ϭ6.0 on a 20 3 ϫ48 lattice. Gauge configurations are generated with the single plaquette action, and 515 configurations are analyzed.
The NRQCD action including O(1/m Q ) described in the previous subsection is adapted for heavy quarks. Five heavy quark masses am Q ϭ1.3, 2.1, 3.0, 5.0, and 10.0 are simulated to study the m Q dependence of hadron masses and matrix elements. The details on the parameters for heavy quark are shown in Table I These values are consistent with other works using the same ␤ and c SW values. Other input parameters may yield different results for the lattice spacing, which is attributed to the error due to the quenched approximation. The quenching error may arise for other quantities calculated in this paper, but the estimation of the quenching effect is not given as it is beyond the scope of this paper.
C. Hadron masses
The hadron masses are measured through the asymptotic behavior of two-point functions
for sufficiently large time separation t. With the NRQCD action, for which the bare heavy quark mass is subtracted from the formulation, we obtain the binding energy E sim from the two-point function. The interpolating operator J is chosen such that it shares the same quantum number with the hadron of interest. The hadrons and their interpolating operators we consider in this work are the following: ⌺ b *͑s z ϭϪ1/2͒ϭ
͑37͒
Although the notations motivated from the b hadron spectrum are used, we use them for general heavy quark mass we consider. The light quark fields u and d denote the relativistic up and down quark fields, respectively. The heavy quark field h has a subscript ↑ or ↓, which represents its spin component in the z direction. We assume the Dirac representation of gamma matrices, and s z means the z component of the spin of baryons. The charge conjugation matrix C has a representation Cϭ␥ 0 ␥ 2 . The superscript a, b or c denotes a color index of quarks. The smeared operator J (S) is used at the source in Eq. ͑27͒ to enhance the overlap with the ground state. It is defined such that the heavy quark field is smeared according to an exponential form e Ϫa•r b around the light quark field fixed at the origin. r is a distance from the origin, and the parameters a and b are measured for the pion wave function. Thus, they depend on the light quark mass, as listed in Table I . Although it is not an optimal choice for heavy hadrons, the plateau is satisfactory as we demonstrate later.
The hadron mass is obtained through the relation
where Z m is the mass renormalization factor which relates the bare quark mass M 0 with the pole mass and E 0 is the energy shift of the heavy quark. These factors are perturbatively calculated at the one-loop level in ͓23͔ for our choice of heavy quark action. We summarize them in Table II .
D. Matrix elements
To calculate the expansion parameters 2 and G 2 from three-point functions, we construct a ratio
with O i either the kinetic operator
or the chromomagnetic operator 
The interpolating operator J is one of the operators listed in the previous subsection. The asymptotic behavior of the ratio yields the corresponding matrix element. We fix the position of the operator at tЈϭ9 and move the sink t.
E. Operator renormalization
The matching of the operators O and O G with their continuum counterpart has to be done in order to relate the matrix elements calculated on the lattice to the continuum quantities. The matching calculation can be carried out in perturbation theory. At present, however, the one-loop calculation is available only in the static limit ͓28,29͔.
The perturbative expansion is poorly convergent for the kinetic operator O , since it mixes with lower dimensional operators Q D 0 Q and Q Q as
in the static limit and a power divergence appears. Note that the operator Q D 0 Q can be eliminated by using the equation of motion. Nonperturbative subtraction of the power divergent contribution (c 2 /a 2 )Q Q was attempted in ͓18͔, whereas in this paper we consider the physical quantities in which the power divergent term cancels. One of such quantities is the difference of the matrix elements between two hadron states such as infinite heavy quark mass limit after measuring the differences at several values of m Q .
The multiplicative matching factor Z is perturbatively calculated in the static limit in ͓28͔ as
This quantity is also related to the mass renormalization factor Z m of the lattice NRQCD action. In the infinite mass limit one can expand the self-energy of heavy quark in terms of 1/m Q , and then the kinetic term of heavy quark becomes an insertion of the operator O for the amplitude in the static theory. For the heavy quark self-energy at O(g 2 )
the relation is Z ϭ1ϩ(BϩA)g 2 . In the infinite mass limit BϩAϭ0.2370ϩ(Ϫ0.1684)ϭ0.0686 for the NRQCD action of ͓30͔ in agreement with Eq. ͑43͒. Note that the definition of the coefficients A and B differ from that used in Table II by a factor 4. For our choice of the NRQCD action the oneloop calculation of B is not available in the infinite mass limit, but by an extrapolation from finite mass data given in Table II we obtain BӍ(Ϫ0.2)/4 and thus BϩAӍ(Ϫ0.20 ϩ1.01)/4ϭ0.069. The power divergent coefficient c 2 /a 2 in Eq. ͑42͒ is also related to A and C.
Since we apply the tadpole improvement using the plaquette expectation value and its effect is to multiply the link variable by 1/u 0 , the corresponding one-loop contribution 1 12 g 2 has to be subtracted from the one-loop coefficient, and thus we obtain Z ϭ1Ϫ0.0146g 2 , ͑45͒
whose numerical value at ␤ϭ6.0 is 0.975 if we use the boosted coupling g 2 ϭg 0 2 /u 0 4 ϭ1.70. The other operator O G does not mix with lower dimensional ones in the static limit. However, once the 1/m Q correction is introduced, the mixing with O and the other lower dimensional operators appears since the NRQCD action contains the ជ
•B ជ term. Hence, we again consider the difference among different hadron states to cancel the mixing contribution and take the infinite heavy quark mass limit.
The one-loop calculation of the multiplication renormalization is found in ͓29͔:
where m Q denotes the heavy quark mass arising from the continuum theory. The tadpole improvement amounts to multiply 1/u 0 4 and the one-loop coefficient is modified as
and its numerical value is 1.12 for the b quark mass m b ϭ4.6 GeV. For both operators the tadpole improvement acts to greatly reduce the perturbative coefficients.
IV. RESULTS
In this section, we present the results for hadron masses and matrix elements. The heavy quark mass dependence of the matrix elements from the direct calculation is studied carefully by two methods. We also make a comparison between the results from the direct calculation and from the indirect calculation. All errors of measured quantities are es- timated by the single elimination jackknife procedure.
A. Hadron masses
In Figs. 1 and 2 we show the typical effective mass plots for relevant mesons and baryons. The plateau is convincing for the B and B* mesons ͑Fig. 1͒ in the time region starting around tϭ8, while it starts later in time for baryons ͑Fig. 2͒ and is dominated by statistical fluctuations after tϭ20. We therefore fit the data in the time interval ͓10,20͔ for mesons and in ͓12,20͔ for baryons. The results for the binding energy are summarized in Table III .
Because the light quark mass dependence of the binding energy is well described by a linear function as shown in Figs. 3 and 4 , we can extrapolate ͑interpolate͒ the binding energy to the chiral limit ͑to the strange quark͒. The binding energy at the chiral limit and the strange quark is also presented in Table III .
B. Matrix elements
The ratio R i (J;t,tЈ) defined in Eq. ͑39͒ is shown as a function of t in Fig. 5 for B and B* mesons. It shows a statistically cleanest data with heaviest light (Kϭ0.13331) and lightest heavy (aM ϭ1.3) quarks. The plateau is very convincing and appears earlier in R G than in R , and then we fit the data with a constant in the time interval ͓17,25͔ for R or ͓14,25͔ for R G . For other mass parameters the data are noisier, but we can identify the plateau in the same time interval. Similar plots for baryons (⌳ b , ⌺ b , and ⌺ b *) are shown in Fig. 6 . Since the statistical error dominates earlier in time we truncate the fit range at tϭ23. The results for the matrix elements 2 and G 2 are summarized in Tables IV  and V, respectively. From Figs. 7-10 we see that the light quark mass dependence of the matrix elements is mild though the statistical error grows as light quark mass decreases. We therefore take a simple linear fit in the light quark mass to obtain the results in the physical light quark mass.
On the other hand, the heavy quark mass dependence of the matrix elements is significant as shown in Figs. 11-14 . In particular, the matrix elements G 2 (B) and G 2 (B*) in Fig.  12 are both positive at finite heavy quark masses, and hence do not respect the symmetry relation 1 3 G 2 (B)ϭϪ G 2 (B*) given in Eq. ͑6͒. This is due to the effects of operator mixing of Q ជ
•B ជ Q with spin singlet operators as mentioned in the previous section. The similar violation of the relation ͑12͒ is found in Fig. 14 for the matrix elements of
In order to extract the prediction in the static limit, where the symmetry relations have to be satisfied, we perform a fit of data in terms of a quadratic function in 1/M B with a constraint known in the static limit. For mesons the constraint is Eq. ͑5͒ or Eq. ͑6͒, while for baryons we may impose Eq. ͑11͒ or Eq. ͑12͒. The fitting curves describe the data well while satisfying the constraints as shown in Figs. 11-14 . The bare matrix elements extrapolated to the static limit are listed in Tables VI and VII. Since the chromomagnetic operator Q ជ
•B ជ Q does not receive the additive renormalization in the static limit, we may extract the physical result from these numbers. We obtain
after multiplying the renormalization factor Z G ϭ1.12 defined in Eq. ͑47͒. For the other matrix element 2 , the difference of the matrix elements between different heavy hadrons has to be considered in order to avoid the additive renormalization due to the mixing with lower dimensional operators. It also helps to reduce the statistical error as it correlates among different hadrons. The results are 2 ͑ ⌳ b ͒Ϫ 2 ͑ B ͒ϭϪ1.3͑ 1.8͒ GeV 2 , ͑50͒ 
which include the multiplicative renormalization factor Z ϭ0.975 as calculated in Eq. ͑45͒. The SU͑3͒ breaking 2 (B s )Ϫ 2 (B d ) has also a phenomenological importance, as it appears in the evaluation of the lifetime ratio
Another way to extract these physical quantities is to take the differences before extrapolating the data to the static limit. As an example, we plot the difference of the matrix element 2 between ⌳ b baryon and B meson in Fig. 15 . Since each matrix element 2 (⌳ b ) or 2 (B) has a quite similar heavy quark mass dependence as seen in Figs. 11 and 13, the heavy quark mass dependence almost cancels in the difference ͑Fig. 15͒. We fit the data with a linear function in 1/M B and obtain 2 ͑ ⌳ b ͒Ϫ 2 ͑ B ͒ϭϪ0.01͑ 52͒ GeV 2 , ͑53͒
in the static limit. This result is consistent with the previous analysis ͑50͒ within one standard deviation. Since the heavy quark mass dependence is numerically better controlled in this method, we quote Eq. ͑53͒ as our final result, while taking the other to estimate systematic uncertainty arising from the heavy quark extrapolation. The results for other differences of 2 are
The same strategy-differentiate then extrapolate-works even for G 2 , since the additive renormalization at finite heavy quark masses mostly cancel in the differences like
͑57͒
which are consistent with the results obtained by taking the difference after the extrapolation, Eqs. ͑48͒ and ͑49͒, respectively. All these results are summarized in Table VIII , where ''method 1'' means our preferred method ͑differentiate-thenextrapolate͒ while ''method 2'' denotes the other ͑extrapolate-then-differentiate͒.
C. Heavy quark expansion parameters from mass differences
The parameters ⌳ , 2 and G 2 can also be indirectly obtained from hadron masses using the mass formula ͑4͒. We use the hadron masses measured on the lattice to obtain the HQE parameters. 
We plot the mass difference M ⌳ b ϪM B as a function of the spin-averaged meson mass inverse 1/M B in Fig. 17 . The mass formula ͑4͒ is given as an expansion in 1/m Q , but here we analyze the data with 1/M B . The difference is of order 1/m Q 2 which we neglect in this analysis. Fitting the data with a linear function of 1/M B we obtain
from the intercept. This result is in good agreement with a previous lattice calculation by Ali Khan et al.,
Our result is slightly larger than the experimental value, which is about 310 MeV for bottom and charmed hadrons as plotted in Fig. 17 by bursts.
To draw a definite conclusion, however, we have to take account of several systematic errors. The finite volume effect is probably the most important one, because the physical extent of our lattice ϳ2 fm may not be large enough for baryons. The slope of the mass difference
which is compatible with the direct measurement of the matrix elements ͑53͒ and also with the phenomenological estimate Ϫ0.01(3) GeV 2 ͓8͔ obtained from a combination
Similar analysis can be performed for M ⌺ b ϪM ⌳ b , which is plotted in Fig. 18 . We obtain
which are also consistent with the previous work Fig. 19 . It is interesting to see that the data agree well with the experimental value for B (s) Table IX , where the statistical error in the hyperfine splittings is greatly reduced because it is highly correlated within the spin multiplets. For the B-B* splitting ͑Fig. 20͒ we observe a linear behavior which is consistent with the expectation that the hyperfine splitting is proportional to 1/m Q . The intercept at 1/M B is, however, slightly negative. Since the hyperfine splitting is exactly zero in the static limit, we attempt a constrained fit with a linear and quadratic terms in 1/M B , which is also shown in Fig. 20 . It indicates that the quadratic term is not negligible and amounts about 5% at the B meson mass. From the coefficient of the linear term we obtain
The similar analysis for B s gives
The data and fit curves are shown in Fig. 21 . For the baryon hyperfine splitting M ⌺ b * ϪM ⌺ b shown in Fig. 22 , the statistical error is so large that the intercept of the linear fit is statistically consistent with zero. The slope yields
The has not yet been measured.͒ The lattice data are significantly lower than these experimental results as in many other quenched lattice calculations. This is partly due to the fact that the spin-chromo-magnetic interaction term in the lattice NRQCD action ͑20͒ is matched to the continuum full theory only at the tree level, although the mean field improvement is applied. The one-loop matching coefficient is known in the static limit as given in Eq. ͑47͒. Since the hyperfine splitting is proportional to the chromomagnetic interaction, we expect an increase of order 10% for 2 , which is not enough to explain the discrepancy with the phenomenological values. Another important uncertainty is in the quenching approximation, whose effect is not yet entirely uncovered.
The numerical results given in this subsection are also summarized in Table VIII together with the results from other groups and the experimental values.
D. Consistency among matrix elements and mass differences
Results presented so far indicate that the HQE parameters are determined consistently with the direct measurement of the matrix elements and with the indirect measurement through the mass differences. However, more stringent test is possible using the data at fixed light quark mass, whose statistical error is smaller than in the chiral limit. Although the numerical values are unphysical, there is nothing wrong in the consistency check. For this purpose we use the data at Kϭ0.13331, which corresponds to the heaviest light quark mass.
From Eqs. ͑7͒ and ͑8͒ the hyperfine splitting M B * ϪM B is given by 4 2 /2m b , or up to higher order 1/m b corrections, 
In Fig. 23 , we plot the results for Ϫ G 2 (B*)ϩ G 2 (B) as a function of 1/M B together with the lattice measurement of M B * 2 ϪM B 2 . We observe that the relation ͑67͒ is satisfied well in the heavy quark mass region 1/M B Ͻ0.2 GeV Ϫ1 . Toward lighter heavy quark mass the data deviate from the relation ͑67͒, which is an indication of higher order effect. Similar analysis can be done for the hyperfine splitting of heavylight-light baryon, i.e., the ⌺ b *Ϫ⌺ b splitting. Figure 24 shows the mass difference and the matrix element Ϫ⌬ G 2 . Both are in good agreement within the large statistical error in the hadron mass measurement.
The heavy-light meson-baryon mass difference M ⌳ b ϪM B is given as
͑68͒
In Fig. 25 
with a perturbative coefficient c G Ӎ1.2 ͓8͔. the higher order effect in the 1/m b expansion has a substantially large effect. Our calculation does not imply such a large correction to the matrix element 2 as shown in Fig.  26 . At the order 1/m b 3 the spectator effect arises, for which the hadronic matrix elements of higher dimensional operators are necessary ͓8͔. A lattice calculation ͓31͔ of those matrix elements suggests that the spectator effects are indeed significant but do not appear to be sufficiently large to account for the full discrepancy.
The 
VI. CONCLUSIONS
In this article we present a lattice QCD calculation of the heavy quark expansion parameters ⌳ , 2 and G 2 for the heavy-light mesons and heavy-light-light baryons. The lattice NRQCD action is used for heavy quark and the results in the static limit are obtained by an extrapolation. For 2 and G 2 , we performed a direct calculation of the matrix elements through the three-point functions. While the light quark mass dependence of the matrix elements is small, the heavy quark mass dependence is significant due to the effect of the additive renormalization. The large heavy quark mass dependence mostly cancels by considering the difference of the matrix elements between different heavy hadron states, in which the additive renormalization cancels. We also estimate the differences of the HQE parameters by studying the mass differences between several heavy hadrons.
We find that the lattice measurements of the matrix elements 2 and G 2 are consistent with the mass relations predicted by the heavy quark expansion. Our numerical results for the differences of 2 in the heavy quark mass limit are compatible with the previous determinations from the meson mass spectrum. The deficit of the hyperfine splitting-the well-known problem of the quenched lattice calculation-is also reproduced in the direct calculation of the matrix element G 2 . A direct phenomenological application of our results is the evaluation of the lifetime ratios at the order 1/m b 2 . Previously such analysis implicitly assumed that the heavy quark expansion truncated at 1/m b 2 is valid down to the charm quark mass, as the parameter 2 was determined using the combined mass difference including charmed mesons and baryons. Through the direct lattice calculation we have confirmed that such analysis is justified. The problem of the small lifetime ratio (⌳ b )/(B d ) still remains.
